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Abstract

An equality template(alsoequality constraint language)
is a relational structure with infinite universe whose rela-
tions can be defined by boolean combinations of equalities.
We prove a complete complexity classification forquanti-
fied constraint satisfaction problems (QCSPs)over equality
templates: these problems are in L (decidable in logarith-
mic space), NP-complete, or PSPACE-complete. To estab-
lish our classification theorem we combine methods from
universal algebra with concepts from model theory.

1 Introduction

Theconstraint satisfaction problem (CSP)is the problem
of deciding the truth of a primitive positive (pp) sentence

∃v1 . . .∃vn(R(vi1 , . . . , vik) ∧ . . .)

over a finite relational signature, relative to a relational
structure over the same signature. For a relational structure
Γ, define CSP(Γ) to be the CSP where the relational struc-
ture is fixed to beΓ. Note that the instances of CSP(Γ) are
syntactic objects, namely, the pp-sentences over the signa-
ture ofΓ. When discussing problems of the form CSP(Γ),
we call Γ the template. In a now oft-cited result, Schae-
fer [20] studied the family of problems CSP(Γ) over tem-
plates with two-element universes. He proved adichotomy
theorem: every such problem CSP(Γ) is either in P, or is
NP-complete. In recent years, there has been considerable
research effort directed towards classifying the complexity
of CSP(Γ) over all finite templatesΓ [11, 7, 5, 6, 14, 12, 10].

One of Schaefer’s motivations was to provide a tool
for developing NP-hardness proofs; in particular, one can

show that a problem is hard by showing that it can simulate
conjunctions of atomic formulas over any templateΓ such
that CSP(Γ) is known to be NP-hard. Another feature of
his (and subsequent) work is that it places tractable cases
of CSP(Γ) into a unified framework; the tractable cases
of CSP(Γ) encompassed by Schaefer’s theorem include 2-
SAT and HORN SAT, two classic tractable fragments of
propositional logic.

In recent work, Bodirsky and Kara [2] gave what ap-
pears to be the first systematic CSP(Γ) classification result
for templatesΓ over aninfinite universe. They studied the
natural and basic class ofequalitytemplates, defined to be
templates where every relation is definable from equalities
(x = y) and the usual boolean connectives. They proved
a complete complexity classification on equality templates,
showing that each problem CSP(Γ) is either in P or NP-
complete.

In this paper, we consider thequantified constraint satis-
faction problem (QCSP), the natural generalization of the
CSP where universal quantification is permitted in addi-
tion to existential quantification. We establish a complete
complexity classification for the problems QCSP(Γ) over
equality templates, showing that each such problem is ei-
ther in L (decidable in logarithmic space), NP-complete, or
PSPACE-complete. We believe that this classification re-
sult can, in analogy to Schaefer’s theorem, serve as a tool
for performing complexity analysis on logical formulas in-
volving both quantifiers as well as other PSPACE prob-
lems. The formulas that we study can be viewed as syn-
tactically restricted fragments of the first-order theory of
equality. In fact, for the templatesΓ that we show to be
NP-complete, containment in NP follows from a result of
Kozen [16] showing thatpositivefirst-order sentences have
an NP-complete validity problem. To the best of our knowl-
edge, our positive result showing certain formulas to be de-



cidable in logarithmic space, is new.

The classification. We now describe the classes of for-
mulas corresponding to the three complexity regimes of our
classification. First, we say that a relation isnegativeif it
can be defined by a quantifier-free equality formula that is
the conjunction of equalities and disjunctions of disequali-
tiesx1 6= y1 ∨ · · · ∨ xk 6= yk. We extend this to templates
by saying that a template is negative if all of its relations
are negative. We show that, for all negative templatesΓ, the
problem QCSP(Γ) is in L.

Example 1.1 Let Γ1 be the relational structure(D,T,=),
whereT is the ternary relation

T = {(x, y, z) ∈ D3 | (x 6= y ∨ y 6= z}.

The relationT is negative, as it may be viewed as the con-
junction of a single disjunction of disequalities. An example
of an instance of QCSP(Γ1) is

∀y1∃x2∀y3∃x4∀y5∃x6

(T (x2, y5, x4) ∧ x4 = y1 ∧ T (y1, x6, y3)) .

It is easy to verify that the formula above is true inΓ1. Since
Γ1 is negative, it follows from our classification theorem
that QCSP(Γ1) is in L.

The second type of relations we identify arepositivere-
lations. We say that a relation ispositiveif it can be defined
by a quantifier-free equality formula that uses only the pos-
itive connectives AND(∧) and OR(∨). As before, we say
that a template is positive if all of its relations are positive.
We show that, for all templatesΓ that are positive but not
negative, the problem QCSP(Γ) is NP-complete.

Example 1.2 Let Γ2 be the relational structure(D,P ),
whereP is the ternary relation

P = {(x, y, z) ∈ D3 | (x = y) ∨ (y = z)}.

The relationP , and hence the constraint languageΓ2, is
positive. It can be verified thatΓ2 is not negative, and so
our classification theorem implies that QCSP(Γ2) is NP-
complete.

Finally, we show that the remaining templatesΓ–those
not falling into either of the two previously identified
classes–give rise to a problem QCSP(Γ) that is PSPACE-
complete.

Example 1.3 Let Γ3 be the relational structure(D,S),
whereS is the ternary relation

S = {(x, y, z) ∈ D3 | (x = y ∧ y = z)
∨ (x 6= y ∧ y 6= z ∧ x 6= z)}.

It can be verified thatS is not negative nor positive,
and hence, by our classification theorem, the problem
QCSP(Γ3) is PSPACE-complete.

Techniques used. As we mentioned, the complexity of
the CSP over equality templates has been classified re-
cently [2]. This result was obtained by a universal-algebraic
approach which was originally developed for studying the
CSP over finite domains [7, 5, 6, 14, 12, 10]. The approach
rests on studying certain closure properties, so-calledpoly-
morphisms, that a template has. The set of all polymor-
phisms of a template forms an algebraic object called a
clone. For templates over infinite domains, this clone islo-
cally closed. The result in [2] exhibits two polymorphisms
for equality templates that imply polynomial-time decid-
ability of the corresponding constraint satisfaction prob-
lems, and proves that the constraint satisfaction problem is
NP-complete in all other cases.

It is worth noting that the polymorphisms that guarantee
polynomial-time tractability for the CSP do not guarantee
tractability in the QCSP. To derive our complexity classifi-
cation for the QCSP, we have to obtain deeper knowledge
of the associated clones. In doing so, we develop a number
of new techniques; several of them could be of independent
interest in universal algebra. Indeed, our results reveal new
information on the lattice of clones containing all permuta-
tions, which includes all clones corresponding to equality
templates. Interestingly, some of our results utilize a mix of
“relational” arguments, arguments directly on the relations
of a template, and “operational” arguments, arguments on
the polymorphisms of a template; see Section 8 as an exam-
ple.

In this paper, we also present asurjective preservation
theoremwhich concerns the expressibility of a template
from formulas that may use conjunction and arbitrary (both
universal and existential) quantification. In particular, this
theorem shows that a relation can be defined by a first-order
formula of the described form over anω-categorical tem-
plateΓ if and only if it is preserved by allsurjectivepoly-
morphisms ofΓ. This theorem was previously shown forfi-
nitestructures [4]. Our classification result is, to the best of
our knowledge, the first result on QCSP complexity that is
based on such a surjective preservation theorem. The proof
that we give here relies on known preservation theorems in
model theory [15].

2 Preliminaries

In this section we recall fundamental notions from logic
and universal algebra; the terminology and notation we
use is standard and can be found for instance in [13, 17]
and [22].

Relational structures. A relational signatureτ is a (in
this paper always finite) set ofrelation symbolsRi, each of
which has an associated finitearity ki. A relational struc-
ture Γ over the signatureτ (also calledτ -structure) is a set
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DΓ (thedomain) together with a relationRi ⊆ Dki

Γ for each
relation symbol of arityki from τ . For simplicity, we use
the same symbol for a relation symbol and the correspond-
ing relation. If necessary, we writeRΓ to indicate that we
are talking about the relationR belonging to the structure
Γ.

First-order Logic. Let τ be a signature. Aτ -formula is a
first-order formula whose atomic formulas are either of the
form x = y orR(x1, . . . , xk) for R ∈ τ . A τ -sentence is a
τ -formula without free variables. A first-order theory (over
the signatureτ ) is a set ofτ -sentences. IfΓ is aτ -structure,
then Th(Γ) denotes thefirst-order theory ofΓ, i.e., the set
of all τ -sentences that are true inΓ.

Countable Categoricity. An important class of structures
for constraint satisfaction is the class ofω-categorical struc-
tures, defined as follows.

Definition 2.1 A countable relational structureΓ is called
ω-categorical, if all countable models of Th(Γ) are isomor-
phic toΓ.

Isomorphisms fromΓ to Γ are calledautomorphisms.
The set of all automorphisms of a structureΓ forms a group
with respect to composition of automorphisms.

An orbit of a k-tuple t in Γ is the set of all tuples of
the form (π(t1), . . . , π(tk)), whereπ is a permutation on
D. The automorphism group ofΓ is calledoligomorphic,
if it has a finite number of orbits ofk-tuples, for eachk ≥
1. Many techniques known for constraint satisfaction with
finite templates can be generalized to constraint satisfaction
with ω-categorical templates; essentially, this is due to the
following theorem; see [8].

Theorem 2.2 (Engeler, Ryll-Nardzewski, Svenonius)
Let Γ be a relational structure. ThenΓ is ω-categorical if
and only if the automorphism group ofΓ is oligomorphic.

Homomorphisms. Let Γ andΓ′ be τ -structures. Aho-
momorphismfrom Γ to Γ′ is a functionf from DΓ to
DΓ′ such that for eachn-ary relation symbolR in τ and
eachn-tuple (a1, . . . , an), if (a1, . . . , an) ∈ RΓ, then
(f(a1), . . . , f(an)) ∈ RΓ′

. In this case we say that the
mapf preservesthe relationR.

Polymorphisms. Let D be a countable set, andO be
the set offinitary operationson D, i.e., functions from
Dk to D for finite k. We say that ak-ary operation
f ∈ O preservesan m-ary relationR ⊆ Dm if when-
everR(xi1, . . . , x

i
m) holds for all 1 ≤ i ≤ k in Γ, then

R
(
f(x1

1, . . . , x
k
1), . . . , f(x1

m, . . . , x
k
m)

)
holds in Γ. If f

preserves all relations of a relationalτ -structureΓ, we say

thatf is a polymorphism ofΓ. Equivalently,f is a polymor-
phism ofΓ if it is a homomorphism fromΓk = Γ× · · · ×Γ
to Γ, whereΓ1 × Γ2 is the(direct) productof the two re-
lational τ -structuresΓ1 andΓ2 ( [13]; this product is also
called thecategorical productor the cross product[12]).
Hence, the unary bijective polymorphisms are the automor-
phisms ofΓ. We usePol(Γ) to denote the polymorphisms
of Γ, andsPol(Γ) to denote the surjective polymorphisms
of Γ.

Clones. An operationπ is aprojectionif for all n-tuples,
π(x1, . . . , xn) = xi for some fixedi ∈ {1, . . . , n}.
The compositionof a k-ary operationf andk operations
g1, . . . , gk of arity n is ann-ary operation defined by

f(g1, . . . , gk)(x1, . . . , xn) =

f
(
g1(x1, . . . , xn), . . . , gk(x1, . . . , xn)

)
.

A cloneF is a set of operations defined on a setD (the
domainof F ) that is closed under compositions and that
contains all projections. Iff is in the smallest clone that
contains a set of operationsF , we say thatf is generated
by F .

It is easy to verify that the setPol(Γ) of all polymor-
phisms ofΓ is a clone with domainDΓ. Moreover,Pol(Γ)
is alsolocally closed, a property that is defined as follows.
We say that an operationf is interpolatedby a setF if for
every finite subsetB of D there is some operationg ∈ F
such thatf(t) = g(t) for everyt ∈ Bk. The set of oper-
ations that are interpolated byF is called thelocal closure
of F ; if F equals its local closure, we say thatF is locally
closed.

In this paper we only study clones on a countably in-
finite domainD that contain all permutations ofD. We
therefore slightly abuse notation and say that an operation
g on a countable infinite domainD is generatedby a set of
operationsF (by an operationf ) onD if g is contained in
the smallest locally closed clone containingF (containing
{f}) and containing all permutations ofD.

An operationf is essentially unaryif there is a unary
operationf0 such thatf(x1, . . . , xk) = f0(xi) for some
fixed i ∈ {1, . . . , k}. We say that ak-ary operation
f depends on argumenti if there is nok−1-ary opera-
tion f ′ such thatf(x1, . . . , xk) = f ′(x1, . . . , xi−1, xi+1,
. . . , xk). We can equivalently characterizek-ary operations
that depend on thei-th argument by requiring that there
are elementsx1, . . . , xk andx′i such thatf(x1, . . . , xk) 6=
f(x1, . . . , xi−1, x

′
i, xi+1, . . . , xk). Hence, an essentially

unary operation is an operation that depends on one argu-
ment only. More generally, an operation that depends on at
leastk arguments is also calledessentiallyk-ary. We will
call an essentiallyk-ary operation havingk ≥ 2 anessen-
tial operation, as is common in universal algebra. We now
identify a simple but useful lemma.
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Lemma 2.3 A binary operation is essential if and only if
there are valuesa, a′, b, b′ such thatf(a, b) 6= f(a′, b) and
f(a, b) 6= f(a, b′).

3 Quantified Constraint Satisfaction

A constraint languageis simply a relational structure;
we typically refer to a relational structureΓ with signature
τ as a constraint language when we are interested in the
computational problem QCSP(Γ), which is defined below.
Recall that signaturesτ in this paper are assumed to contain
finitely many symbols.

A first-orderτ -formula is aquantified constraint formula
if it has the form

Q1v1 . . . Qnvn(ψ1 ∧ . . . ∧ ψm),

where eachQi is a quantifier from{∀,∃}, and eachψi is
an atomicτ -formula (a formulax = y orR(x1, . . . , xk) for
R ∈ τ ) that can contain both free variables and quantified
variables from{v1, . . . , vn}.

The quantified constraint satisfaction problemfor Γ,
denoted by QCSP(Γ), is the problem of deciding, given
a quantified constraintτ -formula without free variables,
whether or not the formula is true inΓ. Note that both the
universal and existential quantification is understood to take
place over the entire universe ofΓ. For every constraint
languageΓ over an infinite domain there exists a constraint
languageΓ′ over acountably infinitedomain such thatΓ
andΓ′ have the same QCSP; this follows from downward
Löwenheim-Skolem (see for example [13]). We therefore
focus in the rest of the paper on constraint languagesΓ with
a countably infinite domain.

LetR be ak-ary relation and letΓ be aτ -structure. We
say thatR has a∀∃∧-definition(or is∀∃∧-definable) in Γ if
there exists a quantified constraint formulaφ with free vari-
ablesx1, . . . , xk such thatR(x1, . . . , xk) = φ(x1, . . . , xk).
We say thatR has a pp-definition (or is pp-definable) inΓ if
there exists a quantified constraint formulaφ that uses only
existential quantification with free variablesx1, . . . , xk
such thatR(x1, . . . , xk) = φ(x1, . . . , xk). Here, “pp”
stands for “primitive positive”. We use[Γ] to denote the set
of all relations that are∀∃∧-definable fromΓ, and we use
〈Γ〉 to denote the set of all relations that are pp-definable
from Γ.

In the following, we frequently make use of the follow-
ing result, which was shown in [4] for constraint languages
over a finite domain, but which is purely syntactic and holds
for infinite domain constraint languages as well.

Lemma 3.1 Let Γ1,Γ2 be constraint languages. If every
relation in Γ1 has a∀∃∧-definition in Γ2 (that is, Γ1 ⊆
[Γ2]), then QCSP(Γ1) is logarithmic space reducible to
QCSP(Γ2).

In this paper we focus on the QCSP of a fundamen-
tal class of highly symmetricω-categorical constraint lan-
guages, calledequality constraint languages. An equality-
definable relationis a relation (on an infinite domain) that
has a first-order definition by anequality-formula, i.e., a
first-order formula where all atomic subformulas are of the
form x = y. An equality constraint languageis a rela-
tional structure on a countably infinite universe such that
all of its relations are equality-definable relations. For the
QCSP of equality constraint languages, it is not important
which countably infinite domain we use, and we will gener-
ally use the symbolD to denote a countably infinite domain.
All equality constraint languages admit quantifier elimina-
tion [13]: this is, all equality-formulas are logically equiva-
lent to a quantifier-free equality-formula. Therefore, equal-
ity constraint languages can be defined equivalently as those
relational structures where all relations can be defined by a
boolean combination of atoms of the formx = y.

WhenΓ is an equality constraint language with domain
D, any permutation ofD is an automorphism ofΓ, that is,
the automorphism group ofΓ is the full symmetric group
onD. This group is oligomorphic. (From the fact that the
automorphism group of an equality constraint language is
oligomorphic, it follows by Theorem 2.2 that any equality
constraint language isω-categorical.) It is also straightfor-
ward to verify that all injective unary operations onD are
polymorphisms of an equality constraint languageΓ onD.
Observe that, if a tuplet = (t1, . . . , tk) is an element of an
equality-definable relationR ⊆ Dk, then the orbit oft is
also contained inR.

The quantified constraint satisfaction problem for equal-
ity constraint languages over an infinite domainD is in
PSPACE. This is closely related to the observation by
Stockmeyer and Meyer that the first-order logic of equality
has a validity problem that is contained in PSPACE [21].

Proposition 3.2 For every equality constraint languageΓ,
the problem QCSP(Γ) is in PSPACE.

4 The Surjective Preservation Theorem

It was proved in [4] that a relationR has a∀∃∧-definition
in a finite structureΓ if and only if R is preserved by all
surjective polymorphisms ofΓ. We show that the same
characterization holds forω-categorical structuresΓ (Theo-
rem 4.2). Our proof relies on the following model-theoretic
preservation theorem, which follows from [15] (the result is
not covered by standard text books as [9] or [13, 17]). We
thank J. Keisler for helpful explanations.

Theorem 4.1 (essentially from [15]) A formulaφ is equiv-
alent to a∀∃∧-formula modulo a first-order theoryT if φ
is preserved by surjective homomorphisms from finite direct
products of models ofT to models ofT .
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A standard model-theoretic argument allows one to de-
duce the desired preservation theorem for surjective poly-
moprhisms.

Theorem 4.2 Let Γ be anω-categorical structure. Then
a relationR has a∀∃∧-definition inΓ if and only ifR is
preserved by all surjective polymorphisms ofΓ.

Corollary 4.3 Let Γ1,Γ2 beω-categorical constraint lan-
guages. IfsPol(Γ2) ⊆ sPol(Γ1), then QCSP(Γ1) is loga-
rithmic space reducible to QCSP(Γ2).

Proof. Directly from Lemma 3.1 and Theorem 4.2.�

Note that Corollary 4.3 holds in particular for equality
constraint languages.

5 Classification Theorem

This section presents the statement of our classification
theorem for equality constraint languages. We first identify
two properties of equality constraint languages that will be
needed to state the theorem.

The first property is that of beingnegative.

Definition 5.1 An equality-definable relationR is called
negativeif it is definable by a quantifier-free conjunction
of equalities and disjunctions of disequalities. An equality
constraint languageΓ is negativeif every one of its relations
is negative.

Example 5.2 Let S ⊆ D7 be the relation defined by
S(x1, x2, x3, x4, x5, x6, x7) ≡ (x1 6= x2 ∨ x2 6= x3) ∧
(x5 6= x4 ∨ x4 6= x3) ∧ (x1 = x6) ∧ (x3 = x7). From the
form of the definition, we can see thatS is negative.

The second property is that of beingpositive.

Definition 5.3 An equality-definable relationR is positive
if it is definable by a formula consisting of equalities and
the connectives∧ and∨. An equality constraint language
Γ is positiveif every one of its relations is positive.

Example 5.4 Let S ⊆ D4 be the relation defined by
S(x1, x2, x3, x4) ≡ (x1 = x2) ∨ (x2 = x3 ∧ x3 = x4).
The relationS is positive.

The following proposition gives useful characterizations
of positivity of constraint languages. Its proof anticipates
concepts and arguments from a forthcoming paper on the
lattice of locally closed clones that contain all permuta-
tions [1]. The proof for the implication from 6 to 3 is due to
Michael Pinsker.

Definition 5.5 We say that a formulaφ in conjunctive nor-
mal form isreduced, if removing a literal or a clause from
φ results in a formula that is not equivalent toφ.

Clearly, every formula is equivalent to a formula in reduced
form.

Proposition 5.6 Let Γ be an equality constraint language
over domainD. The following are equivalent:

1. Γ is positive

2. Pol(Γ) contains all unary operations onD

3. Pol(Γ) contains a non-injective unary operation hav-
ing infinite image

4. sPol(Γ) contains a non-injective unary operation

5. [Γ] does not contain6=

6. sPol(Γ) contains an operation that generates a con-
stant operation.

The following is the statement of our classification theo-
rem.

Theorem 5.7 (Classification theorem) LetΓ be an equality
constraint language.

• If Γ is negative, then the problem QCSP(Γ) is decid-
able in logarithmic space.

• Else, ifΓ is positive, then the problem QCSP(Γ) is NP-
complete.

• Else, the problem QCSP(Γ) is PSPACE-complete.

In the second and third cases, the problem QCSP(Γ) is com-
plete for the respective complexity class under logarithmic
space reducibility.

We now give a proof of the classification theorem which
contains forward references to the needed results presented
in the subsequent sections. This proof may well serve as
a road map for the next four sections of the paper, which
together establish the classification theorem. For ease of
readability, in each of these sections, the main result of the
section is stated as the first theorem. Our proof of the clas-
sification theorem only refers to these “first theorems”.
Proof. If the constraint languageΓ is negative, then The-
orem 6.1 of Section 6 shows that QCSP(Γ) is decidable
in logarithmic space. Otherwise, and if the constraint lan-
guage is positive, then Theorem 7.1 shows that QCSP(Γ)
is NP-complete. If the constraint language is not positive,
then Theorem 8.1 shows that eitherΓ is negative, and we
are again done, or[Γ] contains the relationI (defined in
Section 8). It is easy to verify thatI is neither negative
nor positive. By Theorem 9.1, we have that QCSP((D; I))
is PSPACE-hard; QCSP((D; I)) reduces to QCSP(Γ) by
Lemma 3.1.�
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6 Negative Languages

In this section, we present an algorithmic result for neg-
ative constraint languages.

Theorem 6.1 If Γ is a negative constraint language, then
QCSP(Γ) is decidable in logarithmic space.

Let Γ be negative, and letΦ be an instance of QCSP(Γ)
with variablesX = {x1, . . . , xn}. If R(v1, . . . , vk) is a
constraint inΦ, we useφR(v1,...,vk) to denote the formula
with variablesv1, . . . , vk that definesR as a conjunction of
equalities and disjunctions of disequalities. We say that a
disjunction of disequalitiesψ appearsin Φ if it is a member
of one of the conjunctionsφR(v) with R(v) a constraint of
Φ. We will make use of the following graphs.

• The undirected graphG=
Φ is defined to have vertex set

X, and for each pair{x, y} ⊆ X, the edge{x, y} is
present if and only if there exists a constraintR(v) in
Φ such thatφR(v) containsx = y.

• Let ψ be a disjunction of disequalities appearing inΦ.
The undirected graphGψΦ is defined to have vertex set
X, and contains all edges ofG=

Φ as edges; in addition,
the edge{x, y} is present if the disequalityx 6= y is
part of the disjunctionψ.

Our logarithmic space decision procedure is based on the
following characterization of true instances. This character-
ization is given by “forbidden paths”: an instance is true if
the graphsG=

Φ andGψΦ omit paths of certain types; other-
wise, it is false.

For the correctness proof of the following algorithm, but
also for some arguments in Section 9, it will be convenient
to view an instanceQ1v1 . . . QnvnΨ of the QCSP as a two-
player game between auniversaland anexistentialplayer.
The game proceeds in rounds; in roundi, the players assign
a value fromD to the variablevi. If Qi is existential, the
existential player chooses the value forvi, and otherwise the
universal player chooses the value. The existential player
wins the game if after roundn the constructed assignment
satisfies all the constraints inΨ, and otherwise the universal
player wins. It is straightforward to verify that an instance
of the QCSP is true if and only if the existential player has
a winning strategy in the corresponding game. A variable
vi is calledearlier (later) than variablevj in an instance
Q1v1 . . . QnvnΨ of the QCSP ifi < j (i > j).

Theorem 6.2 LetΦ be an instance of QCSP(Γ) whereΓ is
negative. The formulaΦ is false if and only if one of the
following two conditions hold:

1. There exists a universally quantified variable that is
connected inG=

Φ to an earlier variable.

2. There exists a disjunction of disequalities
ψ(z1, . . . , zk) appearing in Φ such that for all
existentially quantified variablesx ∈ {z1, . . . , zk},
either

(a) x is connected inG=
Φ to an earlier variable from

{z1, . . . , zk}, or

(b) x is the earliest variable among the variables in
{z1, . . . , zk} that are connected tox in GψΦ.

Proof. (Theorem 6.1) We use the recent result that
L=SL [19]. From this result, a problem is in L if it can be
Turing-reduced to undirected graph reachability, USTCON.
The undirected connectivity queries that we are going to use
will be exclusively with respect to graphs of the formG=

Φ

orGψΦ whereψ is a disjunction of disequalities appearing in
Φ.

Condition 1 and 2 can be verified in logarithmic space,
once we have an oracle that decides whether two specified
vertices are connected inG=

Φ or in GψΦ, for a disjunction
of disequalitiesψ. These graphs can be constructed with
logarithmic work-space. The first condition needs to be
tested for all pairs of variables, and the second condition for
all disjunctions of disequalities, and all pairs of variables.
Hence, the only non-constant additional space is needed for
storing the next variables and constraints that will be tested,
which is possible in logarithmic space.�

We want to remark that every constraint language that
contains a relation symbol for= has a quantified constraint
satisfaction problem that is hard forL, since the problem
USTCON can be simulated by such a QCSP (using two uni-
versal quantifiers).

7 Positive Languages

This section is devoted to the proof of the following.

Theorem 7.1 Let Γ be a positive constraint language that
is not negative. Then QCSP(Γ) is NP-complete.

The following known result gives the complexity upper
bound on positive constraint languages.

Theorem 7.2 (follows from [16]) For any positive con-
straint languageΓ, the problem QCSP(Γ) is in NP.

We now show for one special positive constraint lan-
guageΓ that CSP(Γ) is NP-complete. LetT be the ternary
relation defined byT (x, y, z) ≡ (x = y)∨(y = z). Clearly,
T is positive.

Proposition 7.3 The problem QCSP((D,T )) is NP-hard.
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We now present a lemma that deals with positive lan-
guages preserved by an essential and surjective operation.
The proof is based on known combinatorial results from
universal algebra, and due to Michael Pinsker (and consid-
erably simplifies the original proof of the authors).

Lemma 7.4 Let Γ be a positive constraint language that
is preserved by an essential operation onD with infinite
image. ThenΓ is preserved by all operations.

In particular, such a constraint language is preserved by
all binary injective operations.

Proposition 7.5 Every positive relationR that is preserved
by an injective binary operationg is negative.

Proof. Let φ be a reduced formula that definesR (Defini-
tion 5.5). We show that no clause inφ contains two equal-
ities. Assume otherwise that there exists a clauseψ of φ
which contains two equalitiesxs = xt andxi = xj . Con-
structφ′ from φ by removing the equationxs = xt, andφ′′

by removingxi = xj . There exista, b ∈ Dn such thatφ(a)
but notφ′(a), andφ(b) but notφ′′(b). Clearly,as = at,
ai 6= aj , bs 6= bt, andbi = bj . BecauseR is preserved by
g, it contains a tuplec = g(a, b) wherecs 6= ct andci 6= cj .
But thenφ(c) does not hold, a contradiction.�

We can now prove Theorem 7.1.
Proof. (Theorem 7.1) The containment of QCSP(Γ) in NP
was discussed above. We prove NP-hardness of QCSP(Γ)
as follows. If all operations insPol(Γ) preserveT , then by
Corollary 4.3 the NP-hard problem QCSP((D,T )) (Propo-
sition 7.3) reduces to QCSP(Γ). Otherwise,sPol(Γ) con-
tains an essential operation, and by Lemma 7.4Pol(Γ) con-
tains all operations onD, and in particularPol(Γ) contains
a binary injection. This can be used with Proposition 7.5 to
show thatΓ is negative.�

8 Analysis of Non-Positive Languages

We have already proved the classification theorem for
positive languages. We now show that if a language is not
positive, then it is either negative or it can express the rela-
tion I defined by

I(x, y, z) ≡ ((x = y) → (y = z)) .

In Section 9, we finally show the QCSP for the relationI is
PSPACE-hard.

Theorem 8.1 Let Γ be a constraint language that is not
positive. Then eitherΓ is negative or[Γ] containsI.

It will be helpful to consider the relation

S(x, y, z) ≡ (x = y ∧ y = z) ∨ (x 6= y ∧ y 6= z ∧ x 6= z)

containing all tuples whose values are either all equal, or
all different. Note that this relation consists of exactly two
orbits of tuples. This will be relevant due to the following
general lemma (which holds for arbitrary structures).

Lemma 8.2 Let R be ak-ary relation that consists ofm
orbits ofk-tuples. Then every operationf that violatesR
generates anm-ary operation that violatesR.

Proof. Let f ′ be an operation of smallest arityl that is gen-
erated byf and that violatesR. Then there arek-tuples
t1, . . . , tl ∈ R such thatf ′(t1, . . . , tl) /∈ R. For l > m
there are two tuplesti and tj that lie in the same orbit of
k-tuples, and therefore there is a permutationh such that
h(tj) = ti. By permuting the arguments off ′, we can as-
sume thati = 1 andj = 2. Then thel − 1-ary operationg
defined asg(x2, . . . , xl) := f ′(h(x2), x2, . . . , xl) also vio-
latesR, a contradiction. Hence,l ≤ m. In case thatl = m,
we are done. In case thatl < m, the result also follows,
because we can then always obtain anm-ary operation that
violatesR by composingf ′ with projections.�

Lemma 8.3 The relationS can pp-define the relationI.

Proof.

I(u, v, w) ≡ ∃x∃x′(S(u, v, x) ∧ S(u, v, x′) ∧ S(x, x′, w))

is a pp-definition ofI. �

It is clear that any operation that preserves6= but violates
S must be essential. The following lemma is one of the
key results: we show that if a relationR is preserved by an
operation that preserves6= but violatesS, thenR must be
negative.

Lemma 8.4 LetR be a relation preserved by an operation
f from Pol({6=}) that violatesS. ThenR is negative.

Proof. (Theorem 8.1) Suppose thatΓ is not positive, and
I /∈ [Γ]. We have to show thatΓ is negative. By Lemma 8.3
and Theorem 4.2,sPol(Γ) contains a operationf that vio-
latesS. SinceΓ is not positive, Proposition 5.6 shows that
f must preserve6=. Lemma 8.4 then shows thatΓ must be
negative.�

9 PSPACE-hardness

In this section, we prove that the QCSP over the relation
I is PSPACE-hard.

Theorem 9.1 QCSP((D; I)) is PSPACE-hard.

Before giving the proof, we will need to introduce some
notions and intermediate results.
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Definition 9.2 Let us say that a relationR ⊆ {0, 1}n is
force-definableif there exists a prenex formula

ΦR,v0,v1(b0, b1, x1, . . . , xn) = Qφ

overI such that:

• Q is the quantifier prefix andφ is the quantifier-free
part,

• the free variables ofΦR are{b0, b1, x1, . . . , xn},

• the quantifier prefixQ containsv0 and v1 as its in-
nermost two variables, and they are both existentially
quantified,

• for any instantiation of the free variables
{b0, b1, x1, . . . , xn}, the formula Q(φ ∧ (v0 =
b0) ∧ (v1 = b1)) is true,

• whent ∈ {0, 1}n, if b0 andb1 are set arbitrarily and
xi is set tobti (for all i ∈ [n]), then: the formulaQ(φ∧
(v0 6= b0 ∨ v1 6= b1)) is false if and only ift ∈ R

• (monotonicity) for any setting to the free variables
{b0, b1, x1, . . . , xn}, if the formulaQ(φ ∧ (v0 6= b0 ∨
v1 6= b1)) is true, then changing the value of any vari-
ablexi to a value not equal tob0 nor b1 preserves the
truth of the given formula.

We call the formulaΦR,v0,v1(b0, b1, x1, . . . , xn) the force-
definitionofR.

The intuition behind this definition is the following.
Thinking of the prenex formula as a two-player game, when
t ∈ {0, 1}n is a tuple and the variablesxi are set according
to t (that is, byxi = bti), if t ∈ R, then there is a way for
the universal player to play so thatv0 is forced to be equal
to b0, andv1 is forced to be equal tob1; and, ift /∈ R, then it
is not possible for the universal player to force both of these
equalities simultaneously.

Lemma 9.3 There exists a polynomial-time algorithm that,
given a boolean circuitC as input, produces a force-
definition of the relationRC containing, as tuples, the sat-
isfying assignments of the circuit.

Proof. It is known (see e.g. [10]) that from a boolean circuit
C, it is possible to compute in polynomial time a primitive
positive definition ofRC over the relationsN andP defined
as

N = {0, 1}3 \ {(1, 1, 1)}

P = {0, 1}3 \ {(0, 0, 0)}.

Note thatN contains all length3 tuples with at least one co-
ordinate having value0 (the “negative” value), andP con-
tains all length3 tuples with at least one coordinate having
value1 (the “positive” value).

Now, let ∃s1 . . .∃skC be a primitive positive defi-
nition of RC(x1, . . . , xn), where C is the conjunction
of atomic formulasN (u1, u2, u3) andP(u1, u2, u3) with
u1, u2, u3 ∈ {x1, . . . , xn, s1, . . . , sk}. Let us denote the
atomic formulasN (u1, u2, u3) in C byN1, . . . , Nl and the
atomic formulasP(u1, u2, u3) in C byP1, . . . , Pl. We now
give a force-definitionΦRC ,v0,v1(b0, b1, x

′
1, . . . , x

′
n) ofRC .

Our force-definition has quantifier prefix:

∀s′1 . . .∀s′k∃n1 . . .∃nl
∃tn1 . . .∃tnl ∃p1 . . .∃pm∃tp1 . . .∃tpm∃v0∃v1

The quantifier-free part of our force-definition has the fol-
lowing constraints:

• For each constraintNi = N (u1, u2, u3) in C, there is
a constraintuj = b0 → ni = b0 for j = 1, 2, 3.

Similarly, for each constraintPi = P(u1, u2, u3) inC,
there is a constraintuj = b1 → pi = b1 for j = 1, 2, 3.

These constraints state that, for each constraintNi (re-
spectively,Pi), if it is true, then the valueni must be
set equal tob0 (respectively,pi must be set equal to
b1).

• There is a constraintn1 = b0 → tn1 = b0 and, for each
i = 2, . . . , l, a constraintni = tni−1 → tni = tni−1.

Similarly, there is a constraintp1 = b1 → tp1 = b1 and,
for eachi = 2, . . . ,m, a constraintpi = tpi−1 → tpi =
tpi−1.

The first sequence of constraints ensure that if all of the
valuesni are set equal tob0, then the variabletnl must
also be set equal tob0; also, if not all of the valuesni
are set equal tob0, then the variabletnl may be set to
any value.

Similarly, the second sequence of constraints ensure
that if all of the valuespi are set equal tob1, then the
variabletpm must also be set equal tob1; and, if not all
of the valuespi are set equal tob1, then the variabletpm
may be set to any value.

• There are constraintstnl = b0 → v0 = b0 andtpm =
b1 → v1 = b1.

We verify that this is indeed a force-definition,
as follows. Consider an assignment to the vari-
ables b0, b1, x′1, . . . , x

′
n where thex′i represent a tuple

(x1, . . . , xn) ∈ {0, 1}n, that is,x′i = bxi
for all i ∈ [n].

First suppose that(x1, . . . , xn) ∈ RC . Then, in the
primitive positive definition ofRC(x1, . . . , xn), there ex-
ists a boolean assignment to the variabless1, . . . , sk under
which all constraints inC are true. Consider the assign-
ment to the variabless′i wheres′i = bsi

for all i ∈ [k].
We claim that any assignment to the remaining variables

8



of the force-definition (all of which are existentially quanti-
fied) that satisfies the quantifier-free part must setv0 = b0
andv1 = b1. Since every constraintNi andPi is satisfied
by the assignment to{x1, . . . , xn, s1, . . . , sk}, by the first
group of constraints in our force-definition, we have that all
valuesni must be set equal tob0, and all valuespi must be
set equal tob1. Then, by the second group of constraints,
all valuestni must be set equal tob0, and all valuestpi must
be set equal tob1. By the last two constraints, we must have
v0 = b0 andv1 = b1.

Next suppose that(x1, . . . , xn) /∈ RC . Then, for any
setting to the variabless′i, there exists some variableni that
is not forced tob0, or some variablepi that is not forced to
b1. Let us suppose thatnj is not forced tob0 (the other case
is similar). In this case, it is possible to satisfy the second
group of constraints by settingtn1 = · · · = tnj−1 = b0, and
the variablestnj , . . . , t

n
l to a fixed value outside of{b0, b1}.

Then, v0 can be set to any value. Note that all variables
{p1, . . . , pm, t

p
1, . . . , t

p
m, v1} can be set equal tob1. �

We now turn to the PSPACE-hardness proof. This proof
takes inspiration from a PSPACE-hardness proof for the
quantified constraint satisfaction problem for finite tem-
plates having a semilattice operation without unit [3].
Proof. (Theorem 9.1) We reduce from succinct graph un-
reachability. In this problem, the input is a boolean circuit
with 2c inputs, which represents a graphG whose vertices
are the tuples in{0, 1}c; as well as two distinguished ver-
tices s, t ∈ {0, 1}c. There is an directed edge(x, y) in
the graph if and only if the circuit returns true given in-
put (x, y). The question is to decide whether or not there
is a directed path in the graph froms to t. This problem is
known to be PSPACE-complete [18].

DefineRi ⊆ {0, 1}2c to be the relation containing all tu-
ples(x, y) such that there exists a directed path inG fromx
to y of length less than or equal to2i. We claim that a force-
representation ofRc can be computed from the input circuit
in polynomial time. We give a force-representation for each
Ri from i = 0, . . . , c, using a recursive construction; from
the construction, it will be clear thatRc can be constructed
in polynomial time.

Representations of the Ri. To obtain a force-
representation forR0, we simply take the input circuit,
augment it so that it always returns true on inputs(x, x),
and appeal to Lemma 9.3.

Now, we assume that we have a force-representation
for Ri, and give a force-representation forRi+1. Let
ΦRi,z0,z1(b0, b1, (u, v)) = Qiφi be a force-representation
for Ri with the indicated variables. LetE denote the rela-
tion {(x, y) ∈ {0, 1}4c : ∀i, xi = yi}. By Lemma 9.3, the
boolean relationE has force-representations

ΦE,v′
0,v

′
1
(z0, z1, ((u, v), (x, q))) = Q′φ′

and
ΦE,v′′

0 ,v
′′
1
(z0, z1, ((u, v), (q, y))) = Q′′φ′′

with the indicated variables. The following is a force-
representation forRi+1; note thatx, y, q, u, v all denote
vectors of lengthc.

ΦRi+1,w0,w1(b0, b1, (x, y)) =
∀qQ′Q′′∀u∀vQi∃w0∃w1φ

′ ∧ φ′′ ∧ φi
∧ (v′0 = v′′0 → w0 = v′′0 ) ∧ (v′1 = v′′1 → w1 = v′′1 ))

First, suppose that there is a path fromx to y of length
less than or equal to2i, that is,(x, y) ∈ Ri. (Here, we asso-
ciate the boolean values0, 1 with the valuesb0, b1.) Then,
there exists a tupleq such that(x, q), (q, y) ∈ Ri−1. We
want to show that the universal player can play so that the
existential player is forced to setw0 = b0 andw1 = b1.

Let the universal player play insideQ′ as if (u, v) =
(x, q), so as to forcev′0 = z0 andv′1 = z1. Observe that if
the existential player does not setv′0 = z0 andv′1 = z1, then
the universal player can falsify a constraint by subsequently
setting(u, v) = (x, q). Similarly, the universal player can
play insideQ′′ in a way that (s)he forcesv′′0 = z0 andv′′1 =
z1.

We claim that, in fact, at this point in the game (after
the variables inQ′ andQ′′ have been set), it must be the
case thatv′0 andv′′0 must both be set tob0, andv′1 andv′′1
must both be set tob1. If we do not have (for example)
v′0 = b0 and v′1 = b1, then the universal player can set
(u, v) = (x, q), and then, to satisfy the constraints ofφi,
the existential player must setz0 = b0 andz1 = b1; since
we already established that the existential player must obey
v′0 = z0 and v′1 = z1, it follows that some constraint is
falsified.

Finally, observe that to satisfy the constraints(v′0 =
v′′0 → w0 = v′′0 ) ∧ (v′1 = v′′1 → w1 = v′′1 ), the existen-
tial player must setw0 = b0 andw1 = b1.

The reduction. Having computed a force-representation

ΦRc,w0,w1(b0, b1, (x, y)) = Qcφc
of Rc, we now show how to use it to give an instance of
QCSP((D; I)) that is true if and only if there is no path
from s to t in the succinctly represented graph. The instance
created is

∃b0∃b1∃x∃yQc(φc ∧ (b0 6= b1) ∧ (x = s)
∧ (y = t) ∧ (v0 6= b0 ∨ v1 6= b1)) .

Note that a disjunctiona 6= b ∨ c 6= d, which is
used in this expression, has the primitive positive def-
inition ∃b′∃d′∃t (I(a, b, b′) ∧ I(b, b′, t) ∧ I(c, d, d′) ∧
I(d, d′, t) ∧ (b′ 6= d′)), andx 6= y has the∀∃∧-definition
∀z. I(x, y, z); therefore, these expressions can be used in
our reduction (Lemma 3.1).�
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10 Concluding Remarks

We would like to remark that the classification of the
computational complexity of QCSP(Γ) for equality con-
straint languagesΓ presented in this paper iseffectivein
the sense that there is an algorithm that decides in a fi-
nite amount of time whether a given constraint language
(whose relations are represented by equality-formulas) has
a QCSP in L or has a QCSP that is PSPACE-complete or
NP-complete. This follows from the fact that all classes
of equality constraint languages considered in this paper
are defined in terms ofpreservationunder certain polymor-
phisms that can be tested algorithmically; this will be shown
in the full version of the paper.
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