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Abstract. The quantified constraint satisfaction probem (QCSP) is the problem
of deciding, given a relational structure and a sentence consisting of a quantifier
prefix followed by a conjunction of atomic formulas, whether or not the sentence
is true in the structure. The general intractability of the QCSP has led to the study
of restricted versions of this problem. In this article, we study restricted versions
of the QCSP that arise from prespecifying the relations that may occur via a set
of relations called a constraint language. A basic tool used is a correspondence
that associates an algebra to each constraint language; this algebra can be used to
derive information on the behavior of the constraint language.

We identify a new combinatorial property on algebras, the polynomially gen-
erated powers (PGP) property, which we show is tightly connected to QCSP com-
plexity. We also introduce another new property on algebras, switchability, which
both implies the PGP property and implies positive complexity results on the
QCSP. Our main result is a classification theorem on a class of three-element al-
gebras: each algebra is either switchable and hence has the PGP, or provably lacks
the PGP. The description of non-PGP algebras is remarkably simple and robust.

1 Introduction

Background. The constraint satisfaction problem (CSP) is the problem of deciding,
given a relational structure and a primitive positive sentence

Azy . e (R(Tiy s ooy Tig) A n)

that is, a conjunction of atomic formulas in front of which all variables are existentially
quantified, whether or not the sentence is true in the structure. The quantified constraint
satisfaction problem (QCSP) is the generalization of the CSP where universal quan-
tification is permitted in addition to existential quantification. Each of these problems
constitutes a natural syntactic restriction of model checking in first-order logic.

The general intractability of the CSP and the QCSP-they are NP-complete and
PSPACE-complete, respectively—has prompted the study of restricted versions of these
problems. In this paper, we study restricted versions of the QCSP that are obtained
by prespecifying the relations that may occur using a set of relations called a constraint
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languageﬂ This form of restriction has its origins in a 1978 paper of Schaefer [24]], who
gave a classification theorem showing that all constraint languages over a two-element
domain give rise to a case of the CSP that is either polynomial-time tractable or NP-
complete. The non-trivial tractable cases identified by this result are 2-SAT, where each
constraint is equivalent to a length 2 clause; Horn-SAT, where each constraint is equiva-
lent to a propositional Horn clause, and Affine-SAT, where each constraint is an equation
over the two-element field. The quantified generalizations of these three problems are
known to be tractable [142147014], and a classification theorem on two-element QCSP
complexity shows that all other constraint languages over a two-element domain give
rise to a PSPACE-complete case of the QCSP [1411].

An approach to studying the complexity of constraint languages based directly on
concepts and tools from universal algebra was introduced by Bulatov, Jeavons and
Krokhin [5]. The cornerstone of this approach is to associate, to each constraint lan-
guage I, an algebra A whose operations are the polymorphisms of I'. (Roughly speak-
ing, an operation f is a polymorphism of a constraint language I" if each relation of I"
is closed under the coordinate-wise action of f.) This algebra is used to derive infor-
mation about the constraint language. This approach has provided new and promising
vistas on the complexity of constraint languages; one celebrated achievement that it
has thus far yielded is the CSP complexity classification of constraint languages over
a three-element domain by Bulatov [6]. One can further name [3116/4)22I20] as a sam-
pling of recent work using this viewpoint.

Contributions. In this paper, we develop the algebraic theory of the QCSP and present
both structural algebraic results as well as new complexity results on the QCSP.

Our starting point is collapsibility, a previously studied property on algebras [[12]
which provides a sufficient condition on A - for the reducibility of the QCSP over I to
the CSP over " (which in turn immediately gives an NP upper bound on the complex-
ity of the QCSP). This condition was shown to hold on all algebras A whose corre-
sponding QCSP is polynomial-time tractable, in the two-element case. At its heart, the
QCSP-to-CSP reduction provided by collapsibility exploits a property on algebras that
we define here and call the polynomially generated powers (PGP) property: an algebra
A has the PGP property if its nth power A™ has a polynomial-size generating set. In-
deed, it can be directly shown that collapsibility of an algebra A implies that A has the
PGP property via generating sets of a specific formf Although the PGP property is, in

"It is worth mentioning that the complexity of the QCSP under structural restrictions—
restrictions based on variable interaction—have also recently attracted attention: see for exam-
ple the papers [9L13]] by the present author (the latter with Dalmau), the paper [18] by Gottlob,
Greco and Scarcello, and the paper [23]] by Pan and Vardi.

% In fact, as discussed in this paper (Section2), A having the PGP property, along with a mild
computational assumption, yields a simple algorithm for the QCSP-to-CSP reduction on II>
formulas. This relationship can be used to present simple and self-contained proofs of this
reduction on 1> formulas; examples of such proofs are given in [[11} Section 1]. The essential
proof technique applies across various constraint languages, and gives a uniform derivation
of previously existing results in the literature, namely, the collapse results of Gridel [19] in
descriptive complexity, as well as a theorem proved by Karpinski et al. [21] on the I75 fragment
of Quantified Horn-SAT.
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our view, a natural combinatorial property on algebras, to the best of our knowledge, it
has not yet been systematically studied.

As we observe early on in this paper, in the two-element case, collapsibility “tells
the full story” for the PGP property and also for polynomial-time tractability: for a con-
straint language I" over a two-element set, either A - is collapsible, has the PGP, and the
QCSP on I is polynomial-time tractable; or, A does not have the PGP and the QCSP
on I" is PSPACE-complete. However, the three-element case is not yet understood, nei-
ther with respect to the PGP property nor with respect to QCSP complexity. A partial
description of three-element non-collapsible idempotent algebras was achieved [12],
but this result does not readily yield a characterization of the three-element idempo-
tent algebras with respect to the PGPH The present investigation was initiated with the
hope of understanding three-element idempotent algebras from the mentioned perspec-
tives. In particular, two specific questions that we set out to answer were: Are there
three-element idempotent algebras having the PGP property other than those that are
collapsible, or does collapsibility give a full characterization of the PGP property for
such algebras? And, for all such algebras A having the PGP property, is this QCSP on
I'" polynomial-time tractable, or at least reducible to the CSP?

This paper presents a classification of three-element idempotent algebras with re-
spect to the PGP property, which identifies further, non-collapsible algebras having this
property. In particular, we define a new property on algebras, switchability, and demon-
strate that, even though switchability strictly generalizes collapsibility, it still implies
both the PGP as well as a QCSP-to-CSP reduction. We then show our classification: for
any three-element idempotent algebra A lacking an algebraic sufficient condition for
CSP/QCSP intractability (the “G-set condition”), either A has switchability and indeed
is polynomial-time tractable, or A has a particular structure that readily implies absence
of the PGP property. For the described class of algebras, we therefore answer both of
the aforementioned research questionsﬂ

On the “computer science” side, our introduction and study of switchability pro-
vide new polynomial-time tractable cases of the QCSP. Additionally, they give a suffi-
cient condition for a QCSP-to-CSP reduction that is general in that it can be applied
to universes of all sizes. We would like to emphasize that the description of non-
switchable/non-PGP algebras given by our classification is robust in the sense that the
terms of any such algebra may be viewed as a subclone of a single clone satisfying the
description. In addition to being appealing in its own right, we believe that this descrip-
tion’s mathematical robustness will facilitate study of these algebras and their QCSP
complexity.

Our classification in fact shows that the non-switchable/non-PGP algebras have the
exponentially generated powers (EGP) property: for any sequence of generating sets
X1, Xo, ... for the powers A', A2, ... of such an algebra A, these sets must have expo-
nential size in that | X,,| must be £2(b™) for some b > 1. We thus obtain a dichotomy

3 This paper focuses on the the QCSP where constants are permitted. It is known that to study
this problem relative to a constraint language I, it suffices to study the algebra whose opera-
tions are the idempotent polymorphisms of I', hence our focus on idempotent algebras.

* The first is answered by identifying new PGP algebras; the second, by showing these algebras
to be polynomial-time tractable.
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result with respect to a new combinatorial measure on algebras—the requisite size of
generating sets for powers. Note that a dichotomy between the PGP property and EGP
property is by no means entailed by the definitions of these two properties, as there are
“intermediate” growth rates such as n'°8™ that are neither polynomial nor exponential,
according to our definitions. Our dichotomy thus exhibits a chasm in the growth rates
that occur naturally in this context, and it is curious that such intermediate growth rates
do not occur.

We conclude this introduction with a brief methodological/philosophical discussion
of this article’s approach and context. On the one hand, an algebraic notion was intro-
duced by complexity considerations: the definition of the PGP property was inspired by
considering the I15 fragment of the QCSP. On the other hand, algebraic investigation
led to insight on complexity: during the course of obtaining the results in this article,
the author identified some non-collapsible algebras to have the PGP property prior to
establishing any complexity-theoretic result on any of them (in particular, before prov-
ing that any of them possessed a QCSP-to-CSP reduction). It is our understanding that
the recent investigations on the so-called few subalgebras property followed a similar
storyline: a purely combinatorial property on algebras was defined from computational
considerations [[15/10], a classification of such algebras with respect to the property
was established [2]], and then the algebras possessing the property were shown to entail
a desirable computational property—in this case, CSP tractability [ZOJE We believe and
hope that the CSP and its variants will continue to effect this mutual cross-pollination
between algebra and complexity, and certainly look forward to further work along these
lines.

Preliminaries. Our notations and definitions are fairly standard, and similar to those
used in [12]. Here, we confine ourselves to a few remarks. We use [n] to denote the
set containing the first n positive integers, {1, ..., n}. We use QCSP.(I") to denote the
QCSP over constraint language I" where constants may appear in constraints; CSP(I")
is the restriction of QCSP(I") to formulas having only existential quantifiers. We use
QCSP(I") and CSP(I") to denote the same problems, but where constants may not
appear in constraints.

2 Properties

In this section, we introduce the two combinatorial properties on algebras—the polyno-
mially generated powers and the exponentially generated powers properties—that will
be studied.

For an algebra A and a subset X C A, we use (X) to denote the intersection of
all A-subalgebras containing X (that is, the smallest subalgebra of A containing X).
We call (X) the subalgebra generated by X. We say that a function f : N — Nis a
polynomial if there exists k > 1 such that f(n) is O(n*).

5 A remark: M. Valeriote has communicated to us that in studying the few subalgebras property,
it was observed by the authors of [2] that the few subalgebras property implies the PGP prop-
erty. The converse does not hold: the algebra ({0, 1}, {A}) is an example of an algebra having
the PGP property but not having the few subalgebras property.
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Definition 1. An algebra A has the polynomially generated powers (PGP) property if
there exists a polynomial p(n) such that for all n > 1, there exists a subset X, C A™
of size | X,,| < p(n) that generates the algebra A™.

We now show that the PGP property, along with a polynomial-time algorithm that com-
putes generating sets, implies a reduction from the I75 fragment of the QCSP to the
CSP.

Proposition 1. Let I" be a constraint language. If A has the PGP property and there
exists an algorithm that outputs a generating set X,, for A’ in polynomial time (in n),

then II3-QCSP.(I") reduces to CSP(I).

This proposition is implicit in [11]. As noted there, it can be readily used to derive the
collapse results of Grédel [19] in descriptive complexity, as well as a theorem proved by
Karpinski et al. [21] on the 115 fragment of Quantified Horn-SAT. We refer the reader
to [IL1] for further discussion.

Definition 2. An algebra A has the exponentially generated powers (EGP) property if
for any sequence of subsets X, C A', Xo C A%, X5 C A3, ... where foralln > 1 the
subset X, generates A", there exists b > 1 such that the size function | X, | is £2(b™).

The following proposition furnishes examples of algebras having the EGP property. Say
that an operation f : A¥ — A is essentially unary if there exists a coordinate 7 and a
unary operation g : A — A such that f(ay,...,ax) = g(a;) forall (a1, ..., a;) € A*.
Say that an algebra is essentially unary if all of its operations are essentially unary.

Proposition 2. An essentially unary algebra A with finite universe of non-trivial size
has the EGP property.

3 Collapsibility

In this section, we review the notion of collapsibility as well as the results on this notion
that will be relevant to the present work. This section should be taken as a presentation
of previous work; other than Propositions[4][3] and[7] the results and concepts are either
explicit or implicit in [12].

Definition 3. Let n > 1 and A be an algebra. A rectangular adversary (of length n) is
a set of tuples having the form By X - -+ X By, where B; C A foralli € [n]ﬁ

Definition 4. Let n,w > 1 and A be an algebra. Say that a rectangular adversary
By X «-+ X By, is w-bounded if there exists a value a € A and a subset S C [n] with
|S| < w such that Bs = A forall s € S and B; = {a} foralli € [n]\ S. That is,
a rectangular adversary is w-bounded if w or fewer of its sets are equal to A, and the
rest are equal to {a} for the same constant a € A.

® We remark that what we call a rectangular adversary here is simply called an adversary
in [12].
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Definition 5. An algebra A is collapsible if there exists w > 1 such that for all n > 1,
there exist an A-term operation f : A¥ — A and w-bounded rectangular adversaries
(of length n) B11 X -+ X Bin, ..., Br1 X -+ X By, such that for all j € [n], A =
f(Blja . ,Bkj).

The following is the primary computational property of collapsibility.

Theorem 3. [I2] Let I’ be a constraint language. If A is collapsible, then QCSP(I")
reduces to CSP.(I").

We show that collapsibility directly implies the PGP.

Proposition 4. If an algebra A is collapsible, then it has the polynomially generated
powers property.

We may now observe that collapsibility characterizes the PGP property in the two-
element case. We have the following dichotomy result.

Proposition 5. Let A be an algebra having a 2-element universe. Either A is collapsi-
ble and has the PGP property, or A has the EGP property.

We can remark that, in the two-element case, the boundary line between the PGP
property and the EGP property matches the boundary between the tractability and in-
tractability of QCSP(I"): for a constraint language I" over a two-element set, when
Ar has the PGP property, QCSP(I") is polynomial-time tractable; and, when A has
the EGP property, QCSP(I") is PSPACE-complete. (This is readily derived from the di-
chotomy on two-element QCSP(I") complexity [14/11]] and the proof of Proposition[3})

The following theorem was the result of attempts to understand those algebras which
are not collapsible, nor have a G-set.

Theorem 6. [[2|] Let A be an idempotent algebra having three-element universe A.
Either:

1. Ais collapsible and for any constraint language I" with Ap = A, QCSP(I") is in
P’.
2. A has a G-set as factor and for any constraint language I" with Ap = A,
QCSP(I") is NP-hard; or;
3. There is a way to label the elements of A as {a,b, c} such that:
— the size 2 subalgebras of A are {a, c} and {b, c}, which we denote by « and 3
respectively,
— A has as a term operation the semilattice operation Sqp. : A X A — A defined
by sape(,y) = cifx £y, and Sape(x,y) = xif & =y, and
— for every term operation f : A¥ — A of A and subalgebras S, ...,Sy €
{a, B}, there exists T € {«, 8} such that f(S1,...,Sk) C T

7 Regarding the statement of this theorem, we remark that it is not the case that for every three-
element idempotent algebra A there exists a constraint language I” such that A = Ap; the
operations of an algebra of the form A r are closed under taking term operations, which is not
required of an algebra in general.
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The algebras A for which the tractability/intractability of QCSP.(I") is not yet fully
understood are those of type (3). These fall into a “gap”: on the one hand, we cannot
derive tractability using the condition of collapsibility; on the other hand, we cannot
derive intractability using the G-set condition. We hence refer to them as gap algebras.

Definition 6. A gap algebra is a three-element idempotent algebra that is not collapsi-
ble and has no G-set as factor.

We now introduce some terminology that can be used to discuss gap algebras, but also
apply more generally to three-element algebras.

Definition 7. Let A be a three-element set, and let o and 3 be distinct two-element
subsets of A.

— We say that an operation f : A¥ — A can be realized as an operation g :
{a, BYF — {a, B} if for all S, ..., Sy € {a, B}, it holds that f(Sy,...,Sk) C
g(Sl, ey Sk)

— We say that an operation f : A¥ — A is af-projective if it can be realized by an
operation g on {«, B} that is a projection.

We remark that any term operation f of a gap algebra can be realized as an operation g,
by the third condition given on such algebras by Theorem [6] with respect to the o and
(3 described in that theorem.

We now define the notion of an a3-projective algebra.

Definition 8. Let A be an algebra with three-element universe A. We say that A is o8-
projective if there exist distinct two-element subsets « and 3 of A with respect to which
all operations of A are af3-projective.

Note that the notion of «-projective operation is robust: the composition of «af-
projective operations is also an a(-projective operation. As all projections are «(3-
projective, all term operations of an a/3-projective algebra are a3-projective.

Proposition 7. An algebra that is a3-projective has the EGP property.

4 A Curious Operation

In this section, we focus on a particular algebra that is defined by a single operation.
Define 7 : {a,b,c}* — {a,b, c} to be the operation where

r(a,b,b,b) = r(b,a,b,b) =r(b,b,b,b) =b

and
r(a,a,b,a) = r(a,a,a,b) =r(a,a,a,a) =a

and is equal to ¢ otherwise. Define A, to be the algebra ({a,b,c}, {r}). Note that A,

has sqp. as a term operation: sqpe(z,y) = r(z, x,y,y); hence, A, has no G-set factor.
Does A, have the PGP property? We may observe that A, is not a/3-projective,

rendering this sufficient condition for the EGP property unusable here. We do this as
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follows. An algebra cannot be a/3-projective with respect to a two-element subset that
is not a subalgebra; hence, if A, is a-projective at all, it must be «F-projective with
respect to the two two-element subalgebras o« = {a, c} and 8 = {b, ¢} of A,.. However,
from the relationships

b:T(a,b,b,b) €T(a7ﬂ7ﬂ7ﬂ) ZO&
b=r(b,a,bb) er(B, a B B) £«

a:T(a,a,b,a) GT(O&,Oé,ﬂ,a) Zﬁ

a=r(a,a,a,b) € r(a,a,a,8) £

we may see that r cannot be realized as any of the arity 4 projections (on {«, 3}), and
hence is not a3-projective. Indeed, one might view r as being “diagonalized away”
from being a/3-projective.

So, we were unable to apply our sufficient condition for the EGP property to A,.
What about trying to show that A, satisfies collapsibility, our sufficient condition for
the PGP property? This fails as well.

Proposition 8. The algebra A, is not collapsible.

As we have now obtained that the algebra A, has no G-set, is not a3-projective, and is
not collapsible, we have that A, is a non-a3-projective gap algebra. We now show that
this algebra has the PGP property.

Proposition 9. The algebra A, has the PGP property.

The proof of this proposition uses the following definition. For a tuple (¢1,...,t,) €
T™ over a set T, say that a coordinate ¢ € [n — 1] is a switch (of the tuple) if ¢; # t; 1.

In the next sections, we will see that the algebra A, is a member of a class of algebras
that we introduce called switchable algebras—algebras which, as with collapsible alge-
bras, both have the PGP property and imply a QCSP-to-CSP reduction. The condition
of switchability generalizes the condition of collapsibility; the algebra A, will witness
that switchability is a strict generalization of collapsibilityﬁ

5 Switchability

The goal of this section is to present the notion of switchability as well as some of its
basic properties. We review and introduce some basic concepts concerning quantified
formulas to be used (Section[5.1)), present a notion of composition for sets of tuples that
is used in the definition of switchability (Section[5.2), and then proceed to develop the
notion of switchability (Section [5.3).

8 In the present section, we showed that the algebra A, is not collapsible (Proposition [8); it
follows from Theorem [I7] that the algebra A, is switchable.
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5.1 Truth and Adversaries

We now review a characterization of truth for quantified constraint formulas. This char-
acterization comes from the concept of Skolemization [17]. When @ is a quantified
constraint formula, let V¢ denote the variables of &, let E? denote the existentially
quantified variables of @, let U? denote the universally quantified variables of @, and
foreach z € E®,let U? denote the variables in U? that come before z in the quantifier
prefix of @. (We may drop the & superscript if the formula is clear from the context.)
Let [B — A] denote the set of functions mapping from B to A.

Definition 9. A strategy for a quantified constraint formula @ is a sequence of partial
functions

o ={0: [U7 — Al = A}sepe.

That is, a strategy has a mapping o, for each existentially quantified variable x € E?,
which tells how to set the variable x in response to an assignment to the universal
variables coming before z. Let 7 : U? — A be an assignment to the universal variables.
We define (o, 7) to be the mapping from V% to A such that (o, 7)(v) = 7(v) for all
v € U?, and (o, 7)(x) = 0z(7|ye) forall z € E?. The mapping (o, ) is undefined
if o, (T|Ug>) is not defined for all x € E®. The intuitive point here is that a strategy o
along with an assignment 7 to the universally quantified variables naturally yields an
assignment (o, 7) to all of the variables, so long as the mappings o, are defined at the
relevant points.
We have the following characterization of truth for quantified constraint formulas.

Fact 10. A quantified constraint formula @ is true if and only if there exists a strategy
o for @ such that for all mappings T : U® — A, the assignment (o, T) is defined and
satisfies the constraints of ®.

Note that a strategy satisfying the condition of Fact [0l must consist only of total func-
tions. We have defined a strategy to be a sequence of partial functions as we will be
interested in strategies o that need not yield an assignment (o, 7) for all 7.

Definition 10. An adversary is a set of tuples on a set A, all of the same length; the
length of an adversary is considered to be the length of one (any) of its tuples.

Let us say that an adversary A is an adversary for a quantified constraint formula @
if the length of .4 matches the number of universally quantified variables in ¢. When
this is the case, the adversary .4 naturally induces the set of assignments A[P] = {7 €
U? — Al | 3(a1,...,a,) € A)(Vi € [n])(7(y;) = a;)}. Here, we assume that
Y1, - - ., Yn are the universally quantified variables of @, ordered according to quantifier
prefix, from outside to inside.

We say that an adversary is $-winnable if in the modified game, the existential player
can win: that is, if there is a strategy that can handle all assignments that the adversary
gives rise to, as formalized in the following definition.

Definition 11. Let @ be a quantified constraint formula, and let A be an adversary for ®.
We say that A is d-winnable if there exists a strategy o for @ such that for all assignments
T € A[D), the assignment (o, T) is defined and satisfies the constraints of 9.
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We have previously given a characterization of truth for quantified constraint formulas
(Fact[10). This characterization can be formulated in the terminology just introduced.

Fact 11. The adversary A™ is @-winnable if and only if @ is true.

5.2 Reactive Composition

Let f : A¥ — A be an operation and let A, B1, ..., By be adversaries of length n. We
say that A is f-reactively composable from By, ..., By, denoted A< f(By, ..., By), if
there exist partial functions g7 : A* — A fori € [n], j € [k] such that, for every tuple
(al,...,an) e A

— forevery j € [k], the values ¢! (a1), ¢} (a1, a2), ..., gl (a1, ..., a,) are defined,
- for every j € [k], the tuple (g7 (a1),g3(a1,az),...,g%(a1,...,a,)) is contained
in B;, and
- foreachi € [n], a; = f(g}(a1,...,a;),...,9%(a1,...,a;)).
When A is an algebra and A, B, . .., By, are adversaries of the same length, we say
that A is A-reactively composable from By, . .., By, if there exists a term operation f of

A suchthat A< f(By,...,Bg).

Theorem 12. Let $ be a quantified constraint formula, assume that f : A¥ — A is
an idempotent polymorphism of all relations of @, and let A, B, . . ., By, be adversaries
Jor ®. If each of the adversaries By, . . ., By, is ®-winnable and A< f (B, ..., By), then
the adversary A is @-winnable.

The notion of reactive composition as well as this theorem appeared in [8], although in
a slightly different formulation.

Proposition 13. Ler A be an algebra, and let S and S’ be sets of adversaries, all of
the same length. If an adversary A is A-reactively composable from adversaries in S’,
and all adversaries in S are A-reactively composable from adversaries in S, then A is
A-reactively composable from adversaries in S.

5.3 Definition and Basic Properties

Recall that we define the switches of a tuple s = (s1,...,8,) € S™ over a set S to be
the coordinates {7 € [n — 1] | s; # s;+1}; the number of switches of § is the cardinality
of this set.

Definition 12. Let T C A™ be a set of tuples, and let w > 1. Define S(T', w) to be the
set {t € T |t has w or fewer switches }.

Definition 13. An algebra A is switchable if there exists w > 1 such that for alln > 1,
there exists an A-term operation f : A¥ — A such that

A" D F(S(A™, w), ..., S(A™, w)).
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Observe that, for a fixed w > 1, the set S(A™, w) has polynomial size in n: a tuple in
this set is determined by the location of its switches and a tuple over A of length up to
w + 1 specifying, in order, the values it takes on. We may thus upper bound the size of
S(A™, w) by ((’f) + -4 (Z)) - (|A]**1) which is O(n®).

Proposition 14. Let A be an algebra. If A is collapsible, then A is switchable.

Theorem 15. Let I be a constraint language. If A is switchable, then QCSP.(I")
reduces to CSP.(I).

Theorem 16. Let A be an algebra. If A is switchable, then A has the PGP property.

6 Classification Theorem

Theorem 17. (Classification theorem) A three-element idempotent algebra not having
a G-set is either switchable or is a[3-projective.

Notice that the terms of an «F-projective algebra may be viewed as a subclone of the
clone containing all a3-projective operations.

6.1 Corollaries

Corollary 1. A three-element idempotent algebra not having a G-set either has the
PGP property, or has the EGP property.

Corollary 2. For every 3-element constraint language I, either QCSP.(I") is in P,
QCSP(I") is NP-hard, or the algebra A is a3-projective.
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